é 1. Tl']e lnhrac“ion Lajmnaiaw and HAe S- Matvix. (%oaoﬁiubov £ Shivlou )

211 EXP&V}%’}OW 9:{' the S-Matrix i Yowers 9& Hie 1v1%‘era447‘9t4

Per‘\'uan‘lﬁue ‘Efeaj'mm'\l‘: e Fuo’)oSe awn Cx»Fa.usn'Dw in Powers “:fl a_(x):

S(a) = 1 + Z %‘_ Sgn(x,,...,'x")é(m)-"3(1..7 o|11--~117(“,

nx4

s Sn are “FD[\‘_]’QO‘“J‘ oq)enc:krs“ A['an,’K«.) = Z ].(,,_(._(14,...,«.4) : ,,,u“('x)),“ :

ln P case w;ﬁ ff&r'miem-ic @&MS , Hese t&bu orm‘l\!‘/s.
6‘10(/[»1, a,ﬁum An ?c«_ds
= [aw), ARy 1 =e  op mi ~iy

’ﬁ aé 4@ Hen we hae  "beter chances" z9£ comuengance ;@r He individuad
‘ta,rms (u He oleole Cenies m-ﬁli Al Le Lmzuu-n
It is cﬂaw gmvm /;Jrs Ae@n()-;am Hfmf Su (4, - %) Vnus+ be Sjmm«‘fl‘fic N i{s cvraomed‘s:

§ 21.2 COV\AL.’LEQ*LS o:(L COVQY(QVICE, un(‘}a)ﬁ‘}}‘ av\pl CMM&«‘E ,@a{ 5V\.

+ Covariance - S(Ag) = WA S U
= S L{l/\) S (X)X \l(/\)‘\—g(x.) --~3(’xv.) jxq...ixn = S Sa (x.,“,?(.,)j(/\'”x\) a(/\'"n) AT....ODth
= U(A) S ('KA.--,X“)\A(/\f = S0 (A%ayery AN )

* Unifarily - Spse’ =1 = [y 4 A e wd)

L$X w1

(1]_4— Z i—' g Sk('x""':"(.‘)a(%)"'3@%)(!11'-0'%.) (’_‘L-{- Z f:'l S S:(')C.,...,'X,ﬂ)a(w.).,~31n)J11.A'XWJ:ﬂL

=



;—- L SSK(k“HW (x“)s\i’ (?(‘(M,-";f)(l(m)(j('(“) "'3(""5"”3(7&4+m) A'Ka "’&Tz-@.\m = /ﬂ,

— k''wl
K.wmyo * : "4
( C\Aa,uae, w£ vaviales : km) —> (k,n), n=kam.
(5. = 1) \
=
— +
Z f Sszm,....m)sn-u('xw,..,,fxu)aoxq)--‘jm)dp-r»apn = o (21.7)
Yot (n-w)l
o<k

\ (ng Y\>o>

Since 5 s a,rbi’f'mrﬂ, we would Likle b conclude {191% @11) ek

— _‘..
Z 1 Szlxq,-»-.’zu)sn—l‘('xl-ﬂ—",..."x;‘) (.?48)
\

K (n-w)l
o<k {n

Ais eerzd b wwm. Bot ths is wob twe , beawxe He fmA-uc;l- Se(1)) SpAx'Y)

L5 Vlo'i' snmmc+rm in Ifs a{jumem:\\‘

LeJ[ discuss Jclas IssLe an  Some i&a‘&
IX, \/ 15 a uec'lbf srfr(ce and S \/* a ﬂLLc,L w:c"'ar, JC\Aem i+ s oleax J;\,,pj'

Flv) =0 ¥ eV imP[ies U - o.

For 36,5(112) ) we ey considor @ wap ef; He ;@arm
Ale) — C
é( f—> <£F,3> D= S F(x)afx)olx,

i egr=o tg=o, we wald [,Rtke bo conclode Ht T =0, Bt here we
most be creful , as T ad ke o laaly m‘reamue fonchine Loidly suﬂ;orf on a
st of Lebegue measore 20w o Hhat e we will only be able 4o claim
td [Fl=0, [F1el_(n).

Leaving aside Hat Aechmical poict, LA assome Hed  JFemgoodn =0 for



ey unction @) where we will elso consider 5.0 as ove psible choice for
g- lu Hiat e we e o = Smﬁx)&cx)a(x = T . Of coorse this is
jul heuvistic Q\aum&i , bt we are fne will i

Now suppze we eve givan a function  Flag)  cuch thad

12 h

\g—‘:('xlb) (flxza)o‘xiy_ =0 ch €S)
'22

The same omumed Jeads d the conchision tht T = o.

Bt whed 28, wstad o (0) abose, whel we beve 4
[RZF(«,y)azx)gzz)Axdg _ V} ¢

We  coold hink of aYFroxiWL\(«)L f{,\;m‘l‘l‘ws Plr,y) as “soms ei prodcts i

te form 3,00 4,0 cwoth G4 ad §o  wdl necesvilly eqoel.

Now, lef us assome Hot T a5 symmetric , Foy) = Figm I that

e, we cnw put =3, ad write

o = jF(q«,uA)am;g(a)Mé: SF(W(3J><>+32m>(ﬁw3>+3ztg))dxalj

o

% LIJFO‘HWﬁS :‘S ‘F(PKM‘ (4) ol)(%j + j F('Xl:]) (34(7) 31l3) +3zlx)j4(ﬂ) )d)(ﬁlj

i j FOny)3 x)jzla)n\m\é
f Fxg) = Flyx), we then  obtnin

SFlﬁf/a)ad(w)jL(?)Axdg =o ,

grom whidh  we cn wow dbbin  F=o
_ﬂ/le l&za, ‘H/lem, L5 ‘l“D "sjmme+fi%e" (21.3) . L&Jr us cowgia[e,r & _Fo,u samfle @S



Er n=2, (21.3) 'feaJ-s as :COUOLA)S:

S ('Kh 'Xu..)sz - (’xk_-m 7(;) 5(.7(4)3(7(1)AX4AK1 =

O(|( £2 k'(n "“
\S ! 5 6 (x%) + Silx) Sa (7&) + S,L?(«.X;)S, ) 3(««)J('m) An dr..

| ot + !
= ( SIS, gz ('Xa,’Xz) + Sq(’x") 54(’7(2) + _{_ S'Z (?(,,’X,_) > S[KG)J['KZ) 6{761 J'xb = O
2! Al

s wvalwg

2

+
554 (%1) Sq (’KL)S['U)J('XL)AYAJKL = 4_5 Sa (“Ka)%t(‘?(z)(f)[m)a(ﬂ) + 3(7(1)3(14)) AK:AYL

= 1 S (64 ('754) S:-(WI) + 61 OXI) Sj('xi ))9(7(")3(7(») A'LAX:.
|

j)e,%wim Qa ’/s\jmme‘l“lizq'k&«“ ov)erzc\—lw‘ (P(%) a8 :follows)

+
P(m) Sutw Slx) = Sulx) Sulm) + Sutw) 81 (x)
A2
ov  there &A&fq”g ) A(x)% = Aw Bl + Bla)A(x)
we OL‘;E,'\V\

+ +
2’3 ( izl_ S, () + Si(%) S.(x) + 1 Sz(x,,'xt)> 3(m)J(?<z) dx, a@n =

z!

= J('}_Rz’_fef(x,m) + P(%) S(x) 5-':(?(7,) + é;zf'sz(k,,xt)>3(mg(xq)o('xqag7(1

—_ T\/le exFressn’em wm «fﬁfﬁm‘“ﬂéS@S 4S5 Voo +o+al\3 %jmvne“l‘( [c, avm( -I,’hue;r‘ye mus{‘

Y] ZLV\iS\’\

+
= 52(%3) + Sz(?cg) + S,(x)Sj—(a) + S,(H)STIX) = o.




]._CJC us  new congider ‘H'le nex‘)' case , WN=73. Ef,, (24.7)  yoess YEGWLS3

+ t +
j(LlSs (X0 %.%3) } 1: Si) S, (%) + LS, (%,1.) Sylaz) ¢ 1 53(%,Xz,xs))3l’xa)9['Iz)j(?(g)ﬂ['KqAWzJTg
3l 2! 3l
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Now, for an expression o He b A B, e hae

3& A ) Bly2) a(x)ata)a(%)olejJ% =
- S A(«)g(;),a( 1094 3@ + 9(5)3m2&)+ 6(%)9(7:)2(?)) Axiyh—
= S (A"‘)%(D’*) + A B2 + A)Blxg)) Axdydz

Deﬁimva a  New usu’mme-)-/izef Y (asaumirz Blal) = 365,4)5)

P(L> Al) Blx,13) = Al Blra%s) + Al) Blrnts) + A () Blxa )
Xa,%3
o odl o = (g) S A(oc)K(K,y)a(x)glj)alt)Axa'JJi = S P (;_t) A(x)%{j,z)atx)g13)5[t)AxJJJq

P( X1, Xz > A[’)Cq,?(;)%big) = A ('er,’X'z) %(’7(5) T A’('Kﬁ;'x;;) B@(l) + A‘('th;)B(qU) 5

X

e DL"&LL«.

.

+ t +
= 3'_ (4_53 (%) %2,%3) + 1_ 54 (%) Sz (%2,%3) + _L Sz ('7(4,7(:)54 (%3) + 4_53(’7(4, 9(1/7(3) (%) G (12) (xg)ﬂ[x,glm_él'xg =
3l 2! 2! 3! 3 3 J

= Y

+ t +
_ 5(&253(‘)(4,’12,’)(3) +§'_54(x4) S, (A2,%3) +_3_!52(’Xq,'11)64(‘7(3) +g53(’Xa,9(2,’(3))9[%)9(7:)2(%3)0('K1471J’Xg
3 2! e

- S(Sg(xuxmsﬂ (3) Se(x) S:(wz,'xzn C) Szlxq,xz)Sjlfxg) n Ss(m,xz,'xsﬁ gtm)gzqz)j(xg)a[x.alnhg

2

+ + 1
:S (5_,, (x‘,xz,ws)+17(7‘_'> Six) Sy e+ P ( M>Szlx,,zi)64 (%3) +53(%,9<2/763)>9m)9 (’Iz)jﬁ@)A'X!AW;J’Xg

Y., X3 X3



Y2, X3 X3

+ t t
= 5(m%, 1)t 53('Xl:1zr7(3)+1>( e >54(7<4) S: )t P ( 7~"C=>51(m,zz)54lw;) =o0.

T\/le o{egtmjnw 9{» ‘U,‘e “S'ormme‘l‘f\?er” 6\'-jVVIbDJ :P LS wee Jﬁqh.
‘P (%,...x)&) aleno"zs the sum over all e _nt  _ (2) ways s£ oli\)iaLLvlJ_

Xiat ). .., X K (n-e)!

{fl/le S(j_ ei Polnt X9, o) X iw"b ‘Il’wo SJ:S ei k  and (n-1) Pvaf\'S- PC{Y”U'\Z-Jﬁ&«lS
wibhin cach a’i ‘f:l«ex oo sd‘s are not  taken Lw}o amwm+, Gance %Le £um’]i9us Se are

53mme+fic in ‘chir a:@umem‘]s.
We -l’hw_,gem concluda Fhat e I@o"ow(vg iAew'\iwLLJ wmost hold -

+
Sl %) + S:bcq,...,x“) + T P (M) Se %) S (Kt ., %) =0 | (244)

')QM, I ¢

1<Kk n-1

/UOcu, Lt us et o e (olngée/w%uz ,gprm 9;? JCLe) W&Mﬂa condition .
umﬁrijra LmPlifs

o=_5 (ss)= $s 5" + 585"

gala) §3l3) Q&l3)
= (&_ S+ " = 3 g - — Q_s S+ (avd(— Llermﬁ\fam)
841y 354 3513)
s . ‘ \
lJC LS )ae‘H'PJ 'to considler Hse c(lol(owm& l/\ewmlwm O{)em*\%r:
Hla',g) =1 55@) 5+(3) (21.40)
§5(9)

]_e/-t us wm?ui‘e tle varicton lai 5(9) in the Terivf’m'lv\;e .&Tm&eu

SJ(j)



ST = Try+syl — T T33
nN=2 : § S S, (x, xz)a(m)a(h)olx'alxt
2919) 2'

\) SS S-‘._(’70,’)(1)3[’7(4)8('7(1)0()('0()(1 =

= S Ssza,xz)(ab&«) +§3Lf&n)>(3(m)+ Ss(ﬁcz)> dxidx. — S S. (o(.,xz)acm)a(xz)olx'alxl

oo

— S Sztxal'x'z)(g (%) gj (x2) + j(?&) g‘j(’m))a(m JX;

2 order Yenms

ave 1"[’/‘“1 = S g (Sz(m,')(z) + S;(x,,')(,,))g(m) gg (x2) alxmtx,_

"

28 g SLLx,B)acw)Ax} Qalg)AJ_

= 1 S_ _S Sl(xmcq)8&4)2(7(2)»&«9&{\ = SSz(x,g)g(w)a{x

2\ ga%)_

n=3: S [_‘_ S 53an,x,,’xg)alx‘)a(n)a(w;)oquﬂx;alx;] = ?
Qa(ta)

it 101 =1 553353 coe hawe

Lhsd -Tod = & 853 )l lg=y) - %.553‘633
5 |

SU\mme'\ﬂc in (0%, 13)

= 3' S Sa 33 §3 - ! g S; (1%, ’x,)a(x )j[x;)galz;)olxalno\x;

= S |: _4__ S 53 L?(a,'Xz,'X:)a (%) 9(7(1)5(7(3)})(41)(14)(3] = S 53 (7(4,11_’2 )6[‘&]8(7&)1){.5@)()

Qa(‘a)
IJC AS dear Jc\/wf 'Hw Jﬁ)wnula #f ‘Mw 2&4@{&1 Al A5 JCLz :@,an\yé one -
S

S(m X, K) 4 (30)4 (73) m)im dx. - 1 S, (%, %, ..., Ty1,y)qx) l?cu-.)o\n---:ﬂxu-.
323@[ g 04" ] (n-O!S Sk

4_ SV\( ,r)(";’x?—;-",qvlﬁ) {7&)"‘ (?(u-«)AN"‘ﬂ)(u-l
(n-1)! S J 3 3

/
2




We can  now oblain a Fe)rl‘uv’ba%'w evaessiow @or H(“);g) —

Hl“))- . $54) 563) =S (5t S S (xay- %) gl o G Aty dp | >
Sj"&) 33(3) nyo "

myo W.

x(Z 4—| S g (W2, %,.\)3(% W) 3(2",)0"{ 117%) —

- , ¥
= (32 & fssm mogma god e [ [ lan age - gea k)

myo W.
Qlacaww; L n'=n-1
(-

(53 fad mogm g b Y 5 [ Slon g gk 4]

myo W.

—

= L Z 2 g St (5,’)(4,,..,’)(,)3 (..., 'xM)Jv.-Aralx,S S;: (G S )3 (Xw41)'-'3ln+m)nl'xu+, N

nyo wzo N w!

‘Hus V(’JJ—LC U/l(g a!oeg no MM‘ 28 '17)/1*{
He g owr i ig ?arw ‘,i‘_@__
= >_‘ i 1_ KSKM(BI’X”M'XK)S:" (7(z+1,...,7(n)3(7(4) 3(7(\13 Ax, 'X

NnN=o k=o k' (W-K)"

co

— >
= 1_ g P (M) SLM j)"(h ,'Xu> S:_k(Xk+1, “"’X“)é(m)mgm“)0'7(""!!7(-.\
&wn Xk Aun
(enactly He some compulzlion o> Lefve)

XKM.----/'Xn
W —
=: |q\,,(3-,y,,,..,'xn§

+
= 1 "Z % S [t ZK ’P(M) 51{-4 (j)xﬂr";’xu) Sv,.k('xkﬂ, ---,x:«)jlg(?(a) 3(1“) DI'K« A.?(n
20 DLKen

SuvmmMiZin ) ii w Je{&\n.e

+
H' D 3. ST 3._1, S—' P(X . )6£+ﬂ j ) Xy ;'Xk) Sn-u(xk*1)"‘/X“) ) (24.12)
then

HDA 3)= i $5G) 563) = Z l‘- S I—ln(b,x,,...,xn) glx) - a(x) dna - due (21.41)
°q4) nye




—H]e nexf_ s‘}eP covuais+s Ain avab,w\-ing ﬁ\e vuia-l—iowai aleriva-kue EZY’ H(z;a) wt’HA v&)fed‘

b g’ -

: S ss8) s'w) - S Hia
3 39
25 23(4) $4(x)

=ZiT §S— S |-Jm (5,&,...,%) ém) ~~alxm) A dx.
" J(x)

nyo

- Z L Hn(j,x, 7(4,...,7(“-4) 6(%4)"'3(7(“-1)/;114--~J%-,

nya (-1
Stnce we e woarged Al fems i such - cony Het o, 2 s
symmetiic vt A, e ol fom b differedicl  condibion <
Causwal'%_)

Hn(‘g,xu?‘zr»,xw) =o i,(f Y 2% fafai Leest once 'xa (j"'“"“) (24.12)

21.3 EX?LU—{_ ,‘Eolm a:!_ Sax) avd 62 L'Xf%)
S0 for e be dbwed He ollowing idebies | expressivg o o " perlurlehie”
b\ﬂ,@ Jdu wmoo-iln‘ms BiL um'lzm‘%"j, Covey launte avwl C%&L%

° COVM[QVICQ: Svu L'Ki.w; 'X‘,.) = u(/\) Sw (/\4’)(4,.--, /\47(“)U(/\)+ (0\)

* M Sl %) + 6:[’7&4.~»-,'X\.) +
+
+ Z p (M) Sy (ks 1) S (g, ., %) = 0 (b)

Yew, ..
12U lnn kH, .

+
. CM%M‘E’ H. (y, %0, %, ., )2 0 > P(X:“;") Sern (5)005) Sy (e, %) = 0

D&KL

iﬁ ;L?J'XA‘ fofai' fza{fm W(j (j=h--v“) (c)



AM;V‘% MQJLA‘IWJ ?\46%1@1 f‘eg‘p‘\l‘emw‘{s veoacl'@zﬂ ‘l‘o ‘l’Le ”c»nes?omle/vce ,rrinoifle_”, we
wi” «ffoceaQ 72}) a!e'l‘ermine ‘H«e ex[)l{a'l‘ ;gorm e{(, Sn. We w:\l s‘\sz\‘ wi-“a i
DMDQ gt-

Notice Hat () 2nd () above cau be reaam(ei as  reCuvrence relgjn‘ws, adl as soch
‘Hwa e An ,fmwifle be usel ‘lb ale{'armivne Sh in {‘arms e_rL Se (kéV\-").
(b)  will ole,%,(mime e Lle/v/m«al‘ea/n /rw)* «{ Su, wherees @) will Aetermine e
avrl‘i-hev/mi{'mvn ,Paﬂ'l‘

‘V\ QYJM ‘lﬁ &JIZJY\‘ ‘H/Le Awlualﬁ\)v\ aljerri%m, we weed 'Lo %k St (x) . This wsll
be doue bé) affeahg 4, e corfcs?oMM frf.wci?la.

Lei Us  necw coms«‘a@&r 'Huz Cauy.,d ;?ac}mi’-aajvm Trof)en,%&
Surr Ja > Sop g = Sl = 9GS
Iﬁ ﬂte Surraf'lls %L 34 aud 32 e %f&ft&e, 34’\132', éLG we  wost hae
(54, 543,01 = o
usxma He §oues e«x?wsq'm a)f oder 1, Hus gives

g (S |, S, 13)]590 3, (3 Ixd =fo

IJE seems, ‘H,we(@m, HMI!' assumivg [\miuo-) thla ;ﬁo/ S lx) U5 a (C&somu.e
a%um?lﬂw (were on JCLfLS conaM%en LJM) — %o Loe assune ﬂ»e £Dl(9¢«)|ud_\ O-oc«LE

?mwh . X ~g = [3.wm), 54(3) ] =o. (24.44)
Fow (b)), e, uniL«i%, we ki -@w n=1, Su(x) + ST(?() =o. Ths
meaus ‘H/\Ai' 34 AS Qn“i-hermil'enu . \V\ o‘H/l&r worals, Un("lur(lj mel‘\es ‘Hmil‘ 9

s o ﬂme Yin
£ ’JGD S.(x) = ¢ /\, (<),  with Ao lemitean (24.16)



FWUJ, Covryipnce AmPh'eS Salx) = WUL(A) Sa (/\-I.’X)UU\)JF
= A.(x) vust be an Hernitean feﬂaﬁvis-\ﬁca% covariait DPMA‘{'B'( sq‘l'is;{;niwg Hee
Covwh‘kom @i L)wl«%
HT %urns ‘H/lai', :&mm & ?hat%c@i /‘)o'm‘k e{ View, At can e reﬁa,rouei as
‘[:Le [w{‘uac%‘&n Laamwa,{avw,
Com?iop.&l‘ 'Hvte cﬂassiul QQ’%DV\ 1L (é,r JCLz care  whore Ko m%em\—;% 48 "sca‘r}zhei au/
eﬁi ba meaus ej; o et ;Fuwclx\m« 9 :
I = Sfo(x)o!x + Séf[x)a(x)atx
—> Qe:jamﬂ Laﬂ) as  an “in?im"szrimL B,Q 14 eedn”
>T,M achen T will Le A{‘ereoa LJ gﬁeg_ , where L ﬁzf)auls CEON 4@ fﬁg
Bl fonchos.
NOw, Sc'nvé’otvgar Ajmamifs — ey = U |
[/()a.u.( jF«mc)-w‘sy- L ‘l-r’.rms u:ﬁ QC"?\W\ — /LP = Q./L
o . i \Leogmdx
1:7-?,6 Cese - 1‘); =8"L° —> 'V\J\‘/fa(:l‘a\'gr Al - /L}’:QI= e S ()‘7 ("IL
Er awn ngimi‘l'e%ivml C\de'e' QI’ _éql": q\"‘} gf‘b ) g# =(% Soi('x)alx)l'x)q-i’
Now "jwoke" a "cewuq)wﬁmca fvb/na/)la” and  demand
8 =185 = 18> + 153>, 158)-(: [tgoods) |8
Le., (@)Y ,{V\;@iv&{e&w 3, S((j) S)flouu Le .9:{/‘&@ %ofrm
g(a) =1 4+ ig d{(x)gmalx)
1.6, , (;Zam{- E_AA
\s

oﬁ'- %ree Lé%mma«uu
6(3 LV\{W&(‘:“DM La_arama,{a,“.

I

Satx) = i L) (ar.22)
> Ad 55, He intermchion Laﬁmusiw yust be a Locl, Hevmibian | and Yelq“ﬁvis-\-imlg
covaviced  combination 4 ofm‘lw ;@wu @um&lws.



- (De'\'c;rmmaAiOm ei S, (7(,3)
The uzusng—? cond.i fime , (a1.13), stikes Hut

Hn(b,xq,xz,“,x“) =0 i 42 for & Lecst one % (j=hem)

where bas  been Aegiweal in (21.11) as
+
Hw(Ds'X“.-.,’Xn):i S_' P( X,y Ae )514-4(3)"(4»-'-17:4)Sn_.‘("‘kﬂ,---,XQ )
— ) P R

DL&KLN

+ +
604»1 S(_o ‘l_ gz ga

Im Jrhe Fm{nu.ﬂan casc n=1, w<e heve -
Hog«) = Pl S/ Sl + i P(&) Sty xS,

T
e =id
N
+ + +
Hi(ny) = iSitay) + iS00 Sy S=id — S = -id

iSatny) + L Lo L (y)
NOW, ‘HM (A@.{ZM&A'\\J) cpmﬁ{-\-lo«\ e{; czmsaﬁla LmFlies ‘H/mi H’z("ﬂé) =o wl'lt:mwm X ;jt

V)

;(33 = 5,_()(,3) = - Lx) Xly) ()
f xsy , then we hoe:
S.(xy) = Syly,x) S flj)o'f(x)
Se 4s symwmetric.
Thes , we condade Het
—LEILY) X2y

gz('xﬂa> = { (24.Z$>
“Ky Lo, x 2y

Notice , iu fm%wlm, that 41E x vy, then we hae Tt eﬁuavﬁl&i expessions
o S > X~y = S lxy) = —L0)Liy) i-fzj)of(x), e,
Xy = (&0, 29] = o.
— e see tht He L@Li& condition Lo Ha iferaction Lagrangion plbows  foan
tle ww&;% codibind o S(g).



Fron

ks a Cous«;s{'cmcj checld , (et us m{«a Had  Hie ueravarJ condibion s s«-l-is%‘ai:

L)‘Hus mus‘l’ LeaQM, as CMS“L%‘ Mi uv\i{wu"lj ol {vni&?&»«u csw”—il-ﬁvsl_
Fov X %Y we have

Salxy) + Sj(m) + Salx) SZL(:;) + 54(3)344—(7() =
+
= —Lwdy) - (ZwLy) + LLy) + Lig) L)

= — LX) - L) L0+ L)L)+ Xl Zix)

= O.

The same Aiwjnl-(\) is  obtained 1‘_{_ we asgsome X<y .

TLI('. above VKsuH' can ke cx])nsssei wn lL’ovms e{, o kme—mlmo@ ?mabfi‘

Salxy) = — T (X0Zly) (24.24)

NO‘[’[C@, Lloweuw, ‘H/tef- ‘Hﬁﬂw i an avw)r[gu(LO»L whien ’Xo'—‘-éo_

%2-1-5 Dc‘i’crmim‘h'om efL‘HA& \Euwcl'iovts S :fgr CL(,A[‘JTAJ:'] n.

éoing bac[L} once aaaiw , ‘éo equs. (R1.1) and (2143) v )/mr(, ,Fgr n=2 ,

+

e Gy ) =i ) P(XX_L) Sren (3% 1) St )

DéKs2

" n

=i P(¢_) S, (§) Salxx) 4 iP(x) Saly,x) S1m) + 3 P

”
Xa ,’Xz XI

) Ss(j,xq,m)

t : +
= 1S0(4y) S0 ) + 181(3,7(4)5:((7(1) 15 () Silx) + z‘Ss(j,xq,'x.L)

= I(a)'l—_(f(x.)aﬁlxz)) - TL«Z’Lg)ZLx.)S L (x) - T(s(tpaf(xl))f(n) —3® Ss(j:”/')ﬂ)
tav\’\i-c\n ovologie
s—ral»«/: (*I)DTC

®) T &wzy) = oly-x) L)Zly) + o0-y7) Ly Zix)
t o=
Gue L= 20, pokice b (T(&f(x)aﬂ«&))> = T (£ afr;,))

.'.
= i Lly) (- TR &) -i T(2lg)2 () ) Lix) =i T (LD L ) (i 0x0) + 1S5y, %%.)

(24.12)  we Knew +ht He  aboue exlyve':siovx wost  vanish 4‘_{ either Y 2X0 ov Y2z Xa.



Dis(esuiiﬁ -H,.z Cases Y~ Xio, we heve 4 ?ossiimlu-ics, wrrcs?mlina t

(a) X <Y < X,
(b) X2 €3 < Xa
(c) X1 <%, €Y
(d) X, <% <Y

Frovm our ﬁuwlco%g v/" F«D‘-Isav\s SNi€s | e e/x{)ed ‘lb oL“z‘,‘m
Solxyyn) = i T (Lix) - Zix)), Gk)

:Bu+, s we shall see, s owb Tos&iLle o show Hhd k) s comﬁ'l-‘n[v[e wite
’H/.e 3 DOVIJ-;A’iOMS e e «Lw?b‘,&Q 6 ’“40 S~MJ‘/(:< (i.eA, Covariance, um‘}w(ly and  Couea—

ng) Tl/us LS ﬂLM& ‘l’D ‘Hde awn'mju(l'la an ’Hne p{c«ﬁn(l’iaw c{ ‘H»QT_?V’DJ«C"J‘S Tl/[cre,?art,

on umM g\ue,s}'ma we heve bo ask s Wld is e mogt mek ;me e:fL Sw
WI/liCJ/I LS Com?a:h.lole oith 'Hw 3 Compq»ikous ?

Le* ws %VS% erJte in ex*[)ua% ;Fofw 'lfLe )CLM’evAueo)L Armo[-u&} T( f(;) Lx) of[h)>/
An DYAPA' ‘l‘D COW'}'M,'I\C i‘} wq‘l’L gg ('j ) ’xq,'Xz) ,
LA)C \/\&ue :

T(I(B)i()(a)f(\(z)) =

B(6-%) 8 (x-4) L) LxDZL () + B(x-X)B(X-Y) f(x.)‘;f(x..)fly)
+ 06910 1Y-x) L10)L§Lx1) + B(X-3) BY-x2) L)L (%)
T 00y-10) 0 0x-%) LINL )LL) + BlY-1)0(0-1%) X (§L () Lxa).
Now whed we  Huow frow. the aws;.LJ-LJ condition s
X<y o mocy = Hilgpan) = DT ReR) - T @ pzen) o

|
- T(sa;pof(xi))f(x.)—1333(3,%,7@) =0
Lrj e cousider He 4 caes (@), (1), (), ) deseribed alove and  cee iﬁ, in Hese

AMMMS, Hd e,xrreséio«s %:r S ‘H,mf {Z,,Ugw %D-M H3,=D Como;).c wl‘l’L ‘H«e l—ime—om[@reoL
?mM:



() % <y < X, : T(LlyLoaZdie) = ff(xz)o‘f(g)of(x«)
On ‘Hu, O’HAUL l/lA,MpQ, 1’{'.&-( COWJ'\.\-\\O\/\ Hzco/ Au ’H-A—LS e, 'CﬂiS ’)’D'-
isS;(;,w,'xl) = I(a)?(xcmxzm)) - T EPRexn) L) = T (K HLa)) Lx)

= LUy LK m) flg%zm) - Llx)Lly) Zxi)
= -J(X'Z)le)z(_')('l)

(b) x» <3 < X1 ¢+ T(Lyzezia) = LIZHL (%)

1353(3,%7&) = I(B)T‘(x(mwxz)) - TLZL;,)xm)) L) = T(XPLixa))Llx)

- X(B)W“” - LONRLU X (x2) - L ly) LT L x:)

= — L)Ly L (%)

(¢) X<y, <Y
T[22 ta)) = L1NL ()L,

igSs(j,nm) = I(a)ﬁ:(f(x‘)flm)) - T @ pzen) L) = T(XHZ06)) Llx)

= Rl LEOLx) ~ Ly REDR00) ~ LLy) X)L )
= -1(3);(()(17)6((3(4)

D x<x <y T (e 2m) = L) Lix) Lx)
S0 m%) = L T@mzm) - T Wpeen) L) - T(KL0)) Lix)
= oz”{g)of/wﬁ’m) — L)X Lx) — ZLly) Zu5) K ()
= T L) L) Lix)
—> %0 we Jowe verided Hot | for Hox eonfiguetions o (Y, 1, %) CBﬂES?omLiMJ +
s @ -(d) , He eﬁuaua
Sy ly, ) = 10 T (Lly)Elx)Elx)).
holds. T he problewn s Hod here is ) for He momet loa\vn, st woch

vore we o Ao, We  will —HAere;Fg( pepre s os an auy’l} aud  checl,
'HAA* iJr Covmrlies ot ‘HAe 3Com:ﬂ-£‘x-i‘éms.



:‘:cvf 53) JCLLe. WU% chJ—mA s Suy" whalL e lave Loe .
l./t)llmi &lsou‘l UVLLJ(aﬁ'L\la/F? umi'\\'ar(‘}’a feglu,{ves (n:’$>

S le %) + S:Lm,.v-,xv) +
+
+ Z P (M) SK (7(4,"-,'X¢) Sn-w_ ('XK-M,...) ’X“) =0

1euLn-1 Yest, o) A

WV(l'ivla 'HMS e/xrﬁzia'Hj ;@v/ n=3, we SJ

+
53 (’Xth,'Xs) + S; ('xh XL;’XS) + ? (X;> 51 (K‘) 5:(7(7’/7(3) + :P ( 7('1,7(2) Sz('x4,')(z) S4 [XS) =

A, X3 X3

+ + +
= 63 ('X'l,’Xz,'Xs> + 53 ('Xq,’X'),,'Xg) + s‘\ (74) 5;, ('XL,X:;) + Sa (?(1.) 57_ (’Xq,?cg) -+

t + + T
51()(3) 5,_(7(4,7(2) "‘ 52(701.?(1)54 (X;) + SL(X4,7(3)54 (’Kz) + SZ(KZ,’XZ)S4[X4)
=T (884) + iT@LL) -1 LT (6ds) =i T(2ndy) - id TI8)
17 ‘
Zo=20) tiTWa)Ly +aThb) X, + i Tk
= 0 (exerue!)

:Fef ‘Hﬁeawy)@l e, see %a?ohn\’w’gh\/l/zu)§21.§/ WL&/G ac j@meﬂi au\rauvweji?
As 34'WM -l-o show ‘H/Iaf ’Hre quve-efieval ex?oww;\‘]el ﬁai‘is;(/ics ‘H& 3 coniilv‘w%.

3.6 Analﬂs&s 9{ 'HAC Afbi%mn‘ness 94» l:]rle Fonckons S aud the Mos’l' é@me,m/l q&fm Qf S(g)

60 %}L we have aﬁveé\- Hot (%)% ) = i“T(&f(m)wEf(xn)) As wmrq;}ﬁl,le with He 3
reﬁui.(emads we  have ,wv«beeaQ on e S -va‘h/‘cx. Ac]wuj, we lowe  seew "’hci He fyﬁgﬂw\,‘
Te,vmivu‘.ma A4S TanZu.LeA bg ‘H& M%juil’ies ?YOLAUZA L)a ‘H»Q L“—ol&ﬁmeal. "ivn@—oriexel
Frolw/’fs azaoma A«baost. U-)& win now ex?lafe J(La mlrufe ef; H/us ”Ye‘maiwlwa %&M“-
Fost, tle umlrzml-a conditiom (ot "level w")  involes the Linear combinakion S, +S: )
As ,@ﬂl as we oe omlg concemed. cocth e co,q,saLJ.a covdibion, Heu , Su is owla
A,el,’e»’vmivtei vp L oan  antibermileec OPW'LM, 93 A R /\r=/\“) | ‘Hu;

wog we Uee (SuriA) +GariA) = Sl A T sl = S 5.



Since, by defonikiom, S s syrmebic in s amgomeds , An wust clso hue M same
poprty . Folonmme, a5 we so in M crangle me3, the codidy condibion  complebdy
deformines  Suley- %) wheewer %o 2 X5 Lany jetart) . CLWLJ, in i
dowain Au mest vassh. Bt He, becaae of ble spmucky o0 ahs amomedds, te
same wost be toe whewesr Xi % ) (o aw gk 4 e T0m). This in Yo
wglies that — Anlri %) o vaniche wheneva  %i #X; ey gain).
The only vemaining st for te st o Au s, Hhen, e foll dingpud =
Av ot be o guari- ocal o‘;wl\r, of te for
5_’ﬁ(w;z)%u.-m---gm—xh):---fauj)--- : |
N fdd opredors i vonmed form.

t Pxi ?DBV\MJ &
94. "’Io"‘



