
 

21 The Interaction Lagrangianand the 5 Matrix Bogoliubov Shirkov

21.1 Expansión ofthe 5 Matrix in Powers of the Interaction

Perturbative treatment we propose an expansion in powersofgas

Slg 1 t 5 t f Snca xnlgcxrs.r.glxDdar dan

Sn are polylocaloperators Ala kn K lxs xa Using

In the caseof fermionicfields these fieldoperators
should appear in pairs

ArltH Addy o if Mi u1Yj

lf g e 1412 then me hare better chances of convergence for the individual
terms but the whole seriesmight still be divergent

It is clear from its definition that Sulu ru mustbesymmetric in its arguments

Sn Xmas Xmas Xan Santa xD H re Permutationgroup of n elements

21.2 Conditions ofcovariance Unitarity and Causality for Sn
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Unitarity sig Syst 1 taking g to be real

t
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Sulk Xa SÍtkm Xungta gta iglxu.im DX _dxr.im A

k.myo µ
Changeof variables Kim lk.nl a Ktm

S 1 a n

µ µ f Sela ru Snntkk r Xn gcxr1 gcxn1dxr dxu 0 21.7

otkt.rs

for n o

Since g is arbitrary we would like to conclude from 41.7 that

1 5 la Xa Sntetkm Ku 21.8
1 i viLnK

otkt.rs

is equal lo zero But this is not true because the product sucia snIUx.tl

is not symmetric in itsargument

Let discussthis issue in somedetail

If V is a vector space and le a dual vector then it is dear that

91v o ve Y implies 0 0

For g e 1412 me may
consider a map of the form

ACR

G 1 tlf g Fixgcxsdx.IR
lftlr.gl o 4g o we would like to conclude that F o But here me

must be careful as F could be a locally integrable function with support on a

set of Lebesgue measure zero In that case me will onlybe able to claim
that IF 0 EFI e IeaCR

Leaving aside that technical point let assume that SFwgcxidx.co for



any function g where me will also consider Sala as one possible choicefor

g In that case me have o SEINSacaDX Fla Of course this is

just a heuristic argument but me are fire with it

Now suppose we are given a function Fixg such that

Fix g qlx.ysdxdy.ro kg
1122

The same argument leads to the conclusion that F o

But what if insteadof 1 1 abone what we have is

REMY gcxigcyldxdy.co 4g
We could thinkof approximating functions ex y as sums of products of
the form g Cx g Cx with Gaand ga not necesarilly equal
Now let us assume that F is symmetric Fix y Fly x In that

case we can put g giga and write

f Fixg gixlgcyldxdy fflxiyllgixl g.CN l9ncy t9aly1 dxdy
v O

Byhypothesis ftp.yjgixjg.cysdxdy fflxy g 9dg 192119,4 duly
O

1 fflx.ylgalxlg.ly

dxdyIfFlx.yFly x1 me then obtain

FHylgncxsg.ly dxdy o

from which me can now obtain Feo

The idea then is to symmetrize 121.71 Let us consider a few simple cases



For n 2 121.7 reads as follows

T1
µ fsklxn.in Sat.utxan.Xa glxr1glxr

dxndxa

oEkE2

Salam 1 SalaStar 1 SalaxD gcxnlgcxddx.dk

sztlx.ir t Six Star t Srtaxa gcx.lyxz dxrdxa Í o

writing

snlxrlstlxalgcx.ly xa dxrdxa 1zfsrlxn1stlxa gcxrsgcxr1 gcxaIgcx dx.dk

flsrcxnsstlxaltsrlxrlstlxrhgcx.sgcxidx.dk

Defining a symmetrizatin operator P1 as follows

pff Sala Star SilasStma t Sia Sta

or more generally P f A Bly AINBly Bly A Ix

me obtain

2 sztlx.ir t six Star t 1gSrtaxa gcx.lyxDdxrdxa

y2 sina.x.lt Pf sexista t 2 sina.msgixrlglxr1dxrdxr

The expression in parentheses is now totally symmetric and thereforemust

vanish

Salay t Satay Se Sty t 5,1gStix 0



Let us now consider the nextcase n 3 Eq 121.7 now reads

ftp.sztlxnxaixs t SrtaSÍthis tal Salmita
Stars t sztxnk.rs glxn1glxDgcxsdxrdxadxs

Now for an expression of theform AlaBly z me have

3 A Blyz glxsgcysgczldxdg.dz

f AHI BY.zfgcxlgcylgczltglylgcxsglzltgczsgcx.gg dxdyotz

flAIHBlyizltAWBlxizltAIHBlx.gl dxdydz

Defining a new symmetrizer assuming Bla b Babia

P Ala Blxr.kz Ala Btxa.rs Ala Bla Ates BlaXD

as well as
A BKHgwgwglztdxdydz f.PL z

AIHBly.zlgcxsglylglzsdxdydzpfxy.frAtxr.xa Blxs Alxr Bts t Alxs Bta Alexa Bcn

me obtain

O 3 sztlxnxa.rs t SalaSÍHairs talsalxriklsntlxsltfsqsztxnk.rs glxn1glxDgcxsdxrdxadxz

SÍlxnxa.rs t SK Szttxaixs1t 5alxrixaSntlxs tfjSztxnXrXs glxngo.lyxs
dxrdxadxs

a

sztlxnxa.rs t SalaSÍthis t salxr.xalsntlxsltsztxnk.rs
glxn1glxDglxs

dxrdxadxs

sztlxnxaixsltpff.az SnlxnlSztxaixsltP XjYaSalxr.xaSntlx tsztxnk.rs glxn1gcxr1gcxs
dxrdxadxs



sztxnk.rs tSztlxnxaixstPfYx SnlxrlSztxaixsltP XjYa SalaxDSrtas 0

The definition of the symmetrizer symbol P is now dear

P denotes the sum over ah the
v E ways ofdividing

the set of points into two sets of k and in vi points Permutations

within eachof these twosets are not taken into account since the functions Se are

symmetric in theirarguments

We therefore conclude that the following identity musthold

Snla a tStar a L P µ n
Sela a Staten XD o 121.9

14kEn 1

Now let us return to thedifferential formof the causality condition

Unitarity implies

y
sst 5 s t SEGÍ

Egg 5 s q 4
St anti hermitean

It is better to considerthe following hermitean operator

Alyg i Sfg Stig 121.101

Let us compute the variation of 5cg in the perturbada expansión

n 1 8 f Sn l x glx dx Sn ly
8g



SIEG Itgerg ITA
n 2

y
fsalxnxrlgcxrlglxaldx.dk

8 salxi.xalgcxnlglxaldxrdxr

tfsrlxn.az gta tsglxrylgcxi sgcxajdx.der fSalxixa gcxnglxadxrdxr

fsalxrixallglxnlcglxalglxalogcmddxrdxr.ua
2orderterms

aredropped f Salam t Sala x 1 glxnlsglxatdxrdxa

zf fsalx.ylgcxldx.orgy1dy

tq y
salxnxrlgcxrlgcxddxrdxrj fsalx.gg DX

3
fgy j f szlxn.xa.xslgixnsgcxiglxsldxrdxadxs.ae

c n

with Iigs fSoggy me have

IIgtsgJ IIGJ jfsslg.orglgtrg lg Sg tg.fssggg

symmetric in Grita

3 fssggotg zl.GSxixzixzglxr1glxaSglxsdxrdxrdxz

fgy
fszlxnixa.xslgixnlgcxiglxsldxrdxadxs.az fSslxrxay gcxigcxrdx.dk

It is dearthat theformula forthegeneral case is the following one

snlxnxai.inytxDglxaliiJlxu
dxedxn ntq fSnlxn.xa Xnr g gira glxnDdxi.de

y

fsnly.xn.kz Mmgira glamda_dan



We can nowobtain a perturbative expression for Alyg

HyD i Stg iggy f sucia a giras guardar dan x

f Smlzyza 2m gczrs.n.glm dzr dzm

Éi fsnly.ru xndgcxrs.rgtxn.itdm_d j f Smlzyza zmgaza gczmldzi.r.dz

because f n n n
so 1

fq.LY ixnDgcxrs gcxn1dxr dxn jmYjmyfSmlznza zmgaza gczmldz.i.dz

m
Smly K tnglxr xndxr dxnfSrtnlXnti Xnm glXntD glxntmdXnr dxn.im

this relabeling does noharm as everytime
thesumover in is performed atfixed n

µ t.fmYiXn iXr
SnIlXen Xn gcxr gcxn dxr dxn

ii FÉ FP Sealy xn.nu Sntulxw xagcxrs gix.sdxr dxn

exactly the same computation as before

Í T 1
1 q f I smlyxni.nu Sntulxktn xaIgcxrs gcxnsdxdxnnzo

Italy Xi Rn
Summarizing if me define

ttnlyixr.i.in i Pf Sealymsn.in Sntnlxktn iXa 121.12

then

Hyg i Stg fttnly.ru a gira glxnldxr.r.dk 21.11



The nextstep consists in evaluatingthe variational derivative of Heyg with respect
to gas

iEl sisi Hwa

nt.gs fHnly xr xn glxrl glxn1dx dxn

Hnly K Xm glad glxmldxr.r.dz

Since me have arranged all terms in such a way that ltnly.xn.la ru is

symmetric w.r.t.rs ru me obtain from the differential conditionof
causality

Hnlyix.ir Xu o if y 2 Xi for at leastone Xj j 1 in 121.13

21 3 Explicit form of Six and Sahay

So for we have obtained thefollowing identities expressing ata perturbative

level the conditions of unitarity covariance and causality

Covariance Sn ta xD Un SnMxn ix UU t a

Unitarity Snla a tStar a

Pf n
Sela a sina.ir xD o

b

14kEn 1

Causality Hnly.rs xa x ti Pf Sealymi nu Sntulxm xa

oifyzxiforatleastonexjlji n cc



Adding additional physical requirements related to the correspondence principle me

will proceed to determine the explicitform of Sn We will startwith Sr

and Sr

Notice that b and cc above can be regarded as recurrence relations and as such

they can in principle be used to determine Su in termsof Se 1k en r

b will determine the hermitean partof Su whereas el will determine its

antihermiteanpart

In cardar to start the induction algorithm me need to fix Sr Cx This will

bedone by appealingto the correspondence principle

Let us now consider the causal factorization property

SuppGa Suppg 5cg ga Siga Seg

If the supports of ga and ga are spacelike giga then we must have

Slg siga 0

Using the series expansion at order 1 this gires

SIS Sr4 T.gggacysdxdy ft
thisorder

It seems therefore that assuming Inicio1locality for Sand is a reasonable

assumption more on thiscondition later So me assume the following locality

property

y Is Sly o 21 14

From b i e unitarity me obtain for a 1 SrCx Stix o This

meansthat Sr is antihermitean In otherwords unilarity implies that si

is ofthe form g A a with 1 lxs hermitean 121.16



Finally covariance implies Six Un Sr 4 4 Un
t

Aix mustbe an Hermitean relativistically covariantoperatorsatisfyingthe

condition of locality
It turns that from a physical pointof view Anna can be regarded as

the interaction Lagrangian
Consider the classical action I for the case where the interaction is switched of

off by means of a testfunction J L free Lagrangian
I fLo dx t f L 8 d

L interaction Lagrangian
Regard gw as an infinitesimalof 1storder

Theaction I will bealtered by flag where L depends on the tree

field functions

Now Schrodinger dynamics idea 114

Wavefunction in termsof actin Y ei I

Free case Yo cito Interactingcase q
I K S d yo

For an infinitesimal change 4 4 Ht 87 54 libLang dx 4
Now invoke a correspondence principle and demand

LOIS le LES t ISE ISIS_lifting DX lat
i e for infinitesimal g 5cg shouldbe ofthe form

51g 1 t if LlagasDX
i e Lint A a

SrLx i L 2 20
int

And so theinteraction Lagrangian mustbe a local Hermitian and relativistically
covariant combination of operator field functions



Determination of salx.gl
The causality condition la states that

Hnlymira xD o if y2Xi forat leastone Xj j 1 in

where Hn has been defined in la.nl as

ttnlyixn ixnl.si ja.nPfxIIi Yn Senlysxn nu
Sntnlxm xa

SanSt t saSt
In the particular case n 1 me have

Italy m i Pf SaludStar tip.EE Saly.xisoI
m 1

id id

Halay isalx.gl t is LxSty 5 IL SÍ ist

i Salay i Lla L g
Now the Idifferential condition ofcausality implies that Hatay o whenever zig

i
X zy Salxy Lx Ley

If Ey then we have

Salx y Sealy x fly Lix
i
Sais symmetric

Thus me conclude that
_ganemos 21

y.rsSalkY
Ley Lix Y

Notice in particular that if Xmy then we have two equivalent expressions

for Sr y salx.gl Lix 2cg Í LG Lix i e

exuy ILM Ligi 0

we see that the locality condition for theinteraction Lagrangian follows from
the causality condition on 5cg



As a consistency check let us verify that the unitarity condition is satisfied

thismustbedone as causality and unitarity are independent conditions
For ay we have

521 19 Salxig Si x Stly Sily SIX

Lately 21124 t 21 1Ely Ely 21 1

21 12ly Ely LIX LIX Ely Ely LIX

0

The same identity is obtained if we assume Ey

The above result can be expressed in terms of a time ordered product

Sa y T Lix Ely 21.29

Notice however that there is an ambiguity when yo

21.5 Determination ofthe functions Su for arbitrary n

Goingback onceagain to equs 21 11 and 21.13 we have for n 2

Halyix.sk i EI SealyX _xaStalker

i P S.lyStlxnxaltiP SalyxelStlxaltiP S3ly X.X

is gSilaxa t iSaly a Sila t iSaly a Sila t iSly X X
i Lly T Lla 21 2

ᵗ
i TCL g 21 1 L i 21 2 IT 2191212 22111 5319X1X2

Ily T Lla Lla TILLYLIM 21 2 T Ely 21 2 Lla
3
531gX1X2

antaño sid
From 121.13 we know that the aboveexpression must vanish if either Y or y Xa

TILINIly 015E 211Ely 01 0 gEly21 1
Since LE Lix notice that T 21124 TILINEly



Disregarding the cases yuxi me hace 4 possibilities corresponding to

a X c y a X
b X c y a
c X CX C y
d Xa a y

From our KnowledgeofDyson's series me expect to obtain

Sulu Xu in T Lla Lex

But as we shall see it is only possible to show that is compatible with

the 3 conditions me have imposed on the S matrix i e covariance unitarityand

causalityThis is due to theambiguity in the definitionoftheT products Therefore

an important question we haveto ask is what is themostgeneralform of Su

which is compatiblewith the 3 conditions

Let us firstwrite in explicitform the timeorderedproduct TILIN Lla Lexi

in order to compare it with Sly 4 xa

We have

TILLYLla Lla

0lxr x.IOlxs y LlXa Lla L ly t DLx Xa 01 2 y Lla Lla fly
01 2 g 014XD21k121g Lla t Dlxs y 01y xa Llull ly Llxa

0ly xDOlxa XDLLYJLLXDLlxnlt0lyx.IOXrXrLly LlxrlLlxa

Now what we know from thecausality condition is

Xi hy eI X ay ItalyXrXa Lly FlacaLla TILLg Luis Lexa
T Lig Lla Lla i 534XrXa Í 0

Let us consider He 4 cases Cal lbl.cc d described above and see if in those

domains the expressions for Ss that follow from HEO coincide with the time ordered

product



a X c y a X TIL Lla Lla Lda Lly Lla
On the other hand the condition Ha in this case leads to

Í SzlyXrXa Ily Flaca212 TILLY Luis Llxa T Lig Lla Lla

Ely Lixilixa fly Lira Lte Ilm Lly Lla

Llxa21g Lla

b X c y a Xr i TILLg Lla Lla Llull 4 Ilm

i SzlyXrXa Ily Flaca212 TILLY Luis Llxa T Lig Lla Lla

Ely 21 2 Ita Clm Ily 21 2 Ily Ll Lla

_Lla Ily 21 2

c X CX C y i

TILLYLla Lla Lly Llxa Lla

i SzlyXrXa Ily Flaca212 TILLYLexi Llxa T Lig Lla Lla

21gLlapada Ily ZHILIxa Ily Lla Lla

21g Lla Lla

d Xa a ay T Lig Lla Lla Ely Lla Lla

Í SzlyXrXa Ily Flaca212 TILLY Luis Llxa T Lig Lla Lla

Ely 21 2 Ela Ily Lla Lla 21g LUÍS Ix

Ley Lla Lla

So me haveverified that for those configurations of ly xa xa corresponding to

cases ca Cd the equality

Ss ly x xa i T 21421 121 2
holds The problem is that there is por themoment being not much

more we can do We will therefore propose this as an ansatz and check

that it complies with the 3 conditions



For Ss the causality condition is justwhat we have Dome

What about unitarity Unitarity requires In 3

Snlxs a t SÍlxs Xa

EI P Sela a snt.nl n xnlo1LkLn 1

Writing this explicitly for n 3 me get
531kxax sztlxnxa.rs t P Sala SÍthis t P Sala Stlxs

szlxrixa.rs tsjlxr.xa.rs t Sala SÍtxa.kz t Sn lxa SÍ lxr.rs t

SrlxsSa Xuxa tsalxr.ir Stlxs Salxr.X3Srtlxr tSzlxr.Xz Snlxn

iTlL LaLz t iFC2LALs iLnFlLa.Ls siLzFlLnLz iL TlLrLa
se

Li LHi i Tk La L t ITHails La t i TIRLz La

0 exercise

Forthegeneral case see Bogoliubov Shikai 21.5 where a general argument

is given to show that the line ordered exponential satisfies the 3 conditions

21.6 Analysis of the Arbitrarinessof theFunctions Sn and theMostGeneral formof5cg

So far we haveargued that Sutra a int Lm Lexi is compatible withthe 3

requirements me have imposed on the5 matrix Actually me have seen that the freedom

remaining is produced by the ambiguities produced by the ill defined timeordered

products along diagonals We will now explore thenatureofthis remaining freedom

First the unitarity condition lat level n involves the linearcombination Sntsnt

As for as we are only concernedwith the causality condition then Su is only
determined up to an antihermilean operator soy inn whereht 1 In this

way me hace lsntihnlt lsnti.tn sí isí tint Su SÍ su



Since by definition Su is symmetric in its arguments Anmustalso have the same

property Furthermore as we sam in the example n 3 thecausality condition completely

determines Suter Xa whenever Xr 2Xj any jeta M Clearly in this

domain An must vanish Butthan becauseof the symmetry en its arguments the

same must be true whenever Xi 7 Xj forany pair i jefe nl This in turn

implies that Anta xD mustvanish whenever Xi Xj anypaís
Theonly remaining set for the supportof nu is then the fulldiagonal

tu mustbe a quasilocal operator ofthe form
1 4 Sta Xa Sta X Calxp

t fieldoperators in normalform
Paipolynomial on

Q On


